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CKAJISIPHAS U BEKTOPHAS NTIPOU3BOJHBIE BEKTOPHBIX MOJIEN
N UX NPUJIOKEHHUE K 3ATAYAM MEXAHUKHA
Ilonos 1 .11.

Annomayus. BBoaaTcs B pacCMOTPEHHE CKasApHAsS W BEKTOPHAs MPOM3BOIHBIE BEKTOPA IO JPYTrOMY BEKTOPY, KOTO-
pBIE MOTYT MMETh NMPWJIOKCHNE K PELICHHUIO 3a/ad MEXaHHWKHU. J[OKa3pIBaeTcA TeOpeMa O NMpPEICTaBICHUH CKaJISPHON
MIPOU3BOJHON B BUAE KOMOMHALIMU YAaCTHBIX MPOU3BOAHBIX. OTMEUEHO, UTO MpU PELICHUU pAla 3aJa4 MEXaHUKHU IS
YIPOILCHUS BBIUUCICHUI CUCTEMY KOOPIMHAT BBIOMPAIOT TakuM 00pa3oM, YTOOBI, 1O KpailHeld Mepe, HalpaBJICHUE
HEKOTOPBIX BEKTOPOB COBIAJIANI0 C OJHOM M3 KOOPIUHATHBIX OCEH. DTO IOPOXKIAET HEOOXOAUMOCTD JI0Ka3aTelbCTBa
JIBYX T€OpeM AJIs IBYXMEPHOr0 U OJAHOMEPHOTro ciiydaeB. Jloka3bpIBaeTCs TeOpeMa O IpeACTaBICHUN BEKTOPHOII mpous-
BOJIHOI B BH/Ie KOMOMHAIIMM YaCTHBIX MPOM3BOAHBIX. JI0Ka3bIBAIOTCS JIBE aHAJIOTHYHBIE TEOPEMBI IJISI IBYXMEPHOTO H
OJIHOMEPHOTO CllyyaeB. B kauecTBe XapaKTepPHBIX YACTHBIX CIy4aeB PacCMAaTPUBAIOTCS CKaIIpHAsl U BEKTOPHAs MPOH3-
BOJHBIE 110 PAJANYyC-BEKTOPY, MOPOXKAAIOIINE COOTBETCTBYIOIIME (OPMAIIU3MBI, CBA3BIBAIOLINE 3TH MPOM3BOJHBIC C
orepatopom Habua. [IpuBoasTCS MpUMeEpHI IPHII0KEHHS HOTYYCHHBIX PE3YJIBTATOB K 33/1a4aM MEXaHHKH.

Kniouegoie cnoea: BEeKTOpPHOE TI0JIE€, CKAJSIPHAS NMPOM3BOAHAS, BEKTOPHAs NMPOW3BOJHAS, BEKTOP YMOBA, YCKOPCHHE,
CKOPOCTb.

BBenenue
Paborta mocBsiimeHa pacCMOTPEHUIO orepanuii AudGepeHINPOBaHUS HA MPOCTPAHCTBE BEK-

TOPHBIX TIOJIEH M TIagKuX (DYHKIUHA B R. B MPUI0KEHUSAX OO0CTATOYHO MIMPOKO HCIIOJIb3YETCS
MIPOU3BO/IHAS CKAJSIPHOW (YHKIIMH IO BEKTOpY. B Kakoi-TO Mepe mogo0HO el onpeaensercs mpo-
U3BOJHAs BEKTOPA 10 JPYTOMY BEKTOPY
da_oa,  du,  sa,
db ox * ay Y a9z ©
Bwmecte ¢ Tem, (hopMaibHO HHTEPIIPETUPYSI IPOU3BOAHYIO KaK OTHOIIEHHE (P PepeHIINaIoB,
MO>HO BBECTH B PACCMOTPEHUE CKAAPHYIO U 6eKMOPHYIO TIPOU3BOJHBIE BEKTOpA 10 IPYroOMy BEK-

TOPY, KOTOPbIE MOT'YT HMETh MPUIIOKECHUE K PEIICHHUIO 3a/1au MeXaHuku [1-4].

[ejieHHe BEKTOPOB
Onpeoenenue 1. Yactaoe a/b ot nenenus ckansipa a Ha BeKTop b ectb BeKkTOp
a ab ab a

““b bbb bbb b2
Ob6patHo,
a
b-c=b 'ﬁb =a.

B ywactHOCTH,

1 b

b b?

Onpeoenenue 2. YactHoe e/b oT cKkalsipHOTO JENICHHUS BEKTOpa € Ha BeKTop b ecTh ckaisip
e 1 b eb ¢ e
p=—=e-—=e-— = =— = —c0s0,

b~ b b2 b2 b2 b
rne 0 — yron Mmexxay Bektopamu e u b. Ilpu stom
e b 29
b g = cose.
Onpeoenenue 3. YactHoe e+b 0T BEeKTOPHOIO JIeJICHUsI BEKTOpa € Ha BEeKTOp b ecTh BeKTOp
1 b exb d e d .
q:e+b:BXB:eXﬁZTZﬁ:E'E'SlTle.
[Ipu sTom
(e+b) - (b+e) = —sin?6,
eb
—-——(exb) - (b+e) =1,
o~ (exh)- (b+e)
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2 2 32
P + q = ﬁ
Teopema 1. Eciii M3BECTHBI YaCTHBIC OT CKAJISPHOIO P M BEKTOPHOTO § JCJICHHUS JIBYX BEKTO-
poB e u b, a Taxxke nenuTens b, To neIMMOoe ONpeaesaeTCs KakK
e=bp+bxq.

Jlokazamenbcmeo:

bp+b><q— ! >[b(e-b) + b x (exb)] = [b(e b)+e(b-b)—b(b-e)]=e.m

Teopema 2. ECJ‘II/I W3BECTHBI YaCTHBIE OT CKaJ'IHpHOFO P U BEKTOPHOTO ¢ JICJICHUS IBYX BEKTO-
poB e u b, a Taxxe AeTMMOE €, TO ICTUTENb ONPEACIsIeTC s, KaK

_petqxe
EEXE
Jloxazamenbcmeo:.
pe+qxe 1 b2 1
W—b [(e b)e + (e X b) X e] = 2[(e-b)e+b(e-e)—e(e-b)]=

CkaJjsipHasi NPOU3BOJAHAS BEKTOPA 10 APYIroMy BEKTOPY
Onpenenenne 4. Onepanus
p 1
a —
db
Ha3bIBAETCS CKAIAPHOW NPOM3BOIHOM BEKTOPHOTO MO @ = Ayl + ayj + a,k o BekTopHOMY

nomo b = b,i + byj + b, k.
Teopema 3. Imeet mecTo popmyna

p 1 _dax+day+daz L
“"db " db, ' db, " db, @)

Jlokazamenbcmeo:
1

d(bei+ byj + bk)
1

1 . .
da-— = =d(aci+ayj + ak)-

= (dayi +dayj + dazk)'dbxi—i-dbyj + dbk

1 db,i +da 1 _dbyj

dbi+db,j + db,k dbi al: db.i+db,j + db,k db,j

1 dbk _ da, db,i s
dbi+db,j + db,k db,k (dbxl+dby] + db,k) - db,i

dbyj +da, db,k
(dbyi+dbyj + db,k)-dbyj (dbxl+db j + db,k)-db, K

_dayi-dbyi dayj-dbyj da,k-dbk
BT az a2
_ da,db, N da,db, N da,db, _ da, N da, N dazl .
dbz dbj db2 db, db, db,
[pencraBisieT HHTEPEC YACTHBIH ClTydail, Koraa OepeTcs: CKasipHast IPOU3BOIHAS 110 PAJIHyC-
BeKTOpYy 1 = xi + yj + zk.

=da,i-

+

+da,k -

+da,j -

p 1_0ax+6ay+6az_d_ _v
TarTox Ty e  “veT Va4

Cneocmeue. Vmeet MecTo popmanuzm

dazv
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3ameuanue. lpu pemieHny psaa 3a1a4 MEXaHUKH ISl YIPOIICHNS BBIYUCICHAN CHCTEMY KO-
OpAMHAT BBIOMPAIOT TaKUM 00pa30M, 4TOOBI, IO KpaifHel Mepe, HalpaBIeHNE HEKOTOPBIX BEKTOPOB
COBITAIaJIO C OJIHOW M3 KOOPIMHATHBIX oceil [5-6]. Ecinu aTo kKacaercst BeKTopa, 10 KOTOPOMY TIpei-
roJjlaraeTcs BBINONMHUTE AuddepeHurnpoBanme, To B Takux ciaydasx ¢opmyna (1) ucmonb3oBarbes
HE MOXKET, IIOCKOJIbKY HEKOTOpPbIe AU(PepeHIralibl 3TOro BEKTOpa paBHbI HYIIO [7-8].

3T0 00CTOATENBCTBO O0YCIOBIMBACT CIEAYIOUINE JBE TEOPEMBI.

Teopema 4. MImeet mecTo dopmyna

da; da,

@ A(bie, + bye,) _db, | db,

I7ie € — OpPTHI.
Jloxazamenbcmeo.

da

1 1
d(b,e; + bye;) (are; +aze; + ases) d(b,e; + b,e;)

ES (dalel + dazez + da3e3) )

dbie, + dbye,
da,eq db;e; N da,e; db,e, dase; db,e; + dbe,
db,e, + db,e, dbe; db,e, +db,e, db,e, db,e; +db,e, dbje, . db,e,
_ dalel - db161 da281 - dbzez da363 b (db161 + dbzez) _

B (dblel + dbzez) - dblel + (dblel + dbzez) - db282 (dblel + dbzez)z
_daydb;  daydb, day N da,

db? dbZ _ db, " db, "

AHaNOTHUYHO JI0Ka3bIBAETCS
Teopema 5. meet mecto popmyna

p 1 da
dbe,  db,
IMpumep 1. Teno Maccoit m IBHKETCS CO CKOPOCTHIO
: V3 V5
V= lgv +1?v + k?v.
B cootBerctBum ¢ [9, 10] uHTErpanbHelii (B CMbICIE 0OBEMHOIO MHTEIPUPOBAHUS) BEKTOP
YMOBa B 3TOM cClly4ae paBeH
JE— 1 3 + '3\/§ 3 + 1(5'\/g 3
u=izomut +jromy Tea ™V
IIpu sTOM
1 du, du, du, 1 3
du-= = = —mv? 4+ —mv? + —mv? = —mv?,
u dvx+dvy+dvz 18mv +18mv +18mv va

YTO ABJISIETCS] KHHETHYECKOW SHEPTUEH.
BexTopHasi npou3BoHAsI BEKTOPA MO APYroMy BEKTOPY
Onpenenenue S. Onepanus

d><1
axib

Ha3BIBACTCS BEKTOPHOU MPOU3BOIHON BEKTOPHOTO ITOJISI @ TI0 BEKTOPHOMY IO b.
Teopema 6. Umeet mecto hopmyna

da 1 1|(day, da, _+<daz dax)__l_ da, da, K )
@*ab~2|\ab, ab,)' " \ab, b, )? " \ab, " ab, )"

ﬂOKClE?ClmeJZbCWl@O:

1
d(byi+byj + bk)
1

1
daxﬁzd(axi+ayj + ask) %

= (dayi + dayj +dazk)xdbxi+dbyf T dbk
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, 1 1 (db,j db,k
= A Xy v db,j +dbk 2 <dby] db k) +
_ 1 1 (dbyi dbk
= Ay X v dbyj v dbk 2 (dbxl db, k)
1 1 (db,i db,j
= ek X gy i+ db,j + dbk 2 <dbxl dby]>
=da,i X abyj +da,i X db,k
X (dbyi + dbyj + dbyk)-dbyj ' 2(dbyi+ dbyj + db,k) - dbk |
rdajx db,i + daj db,k
Y7 2(dbyi + dbyj + db,k) - dbyi v] Z(dbxl+dby] + db,k) - db, K
+dayk X by +da,k dbyJ

2(dbyi+ dbyj + db,k)- db,i Z(dbxl +dbyj + db,k) - dby]
_dayi X dbyj N da,i X db,k N dayj X dbyi
~ 2db3 2db?2 2db?2
dayj x db,k N da,k x db,i N da,k x dbyj
2db2 2d b2 2dbz
1 (daxdby X daydb, . daydb,  day,db,  da,db,  da,db, )
I — L) =

~ 2\ db? abz 1" Tapz T Tapz ‘T Tapz 1T Tanz
1/da da da da da da
=== i —Zk+-Zi+——2j-—Li|=
2\db, " db,’ " db," ' db, ' db, db,

1|/da da da da da da
S | e A i+( - — ")j+ - —2k|.m
2|\db, db, db, db, db, dby
Hpe,[[CTaBJ'ISIeT HHTCPECC YaCTHBIA cnyqaﬁ, Korga 6epeTc51 BCKTOPHAsA IIPOU3BOAHAA 110 paz[I/ch-
BEKTOPY T

p ><1_1 da, da,\, (daz dax)_ da, dayk_ 1 tq - 1V><
Yw I\ o ) T\ @ e T T e s e

Cneocmeue. Vmeet MecTo popmanusm

d X ! = 1V><
dr 2 |

ITpuBeneHHOE BhIIIE 3aMeUaHe 00yCIOBINBAET CIEAYIOUINE ABE TEOPEMBI.
Teopema 7. Imeer mecto popmyina

as az
da X =—e,——e;. 3
4> dbe, ab? " @ ®® 3)
ﬂOKCBClme]ZbCI’nGO:
1
da X dbel == d(alel + azez + a3e3) X Wlel = (dalel + da262 + da3e3) X dblel =
_d y 1 dbseq +d o 1 dbse, +d oL 1 db1e1
— N X e, dbre, | C*2%2 7 b, dbe,  “™3% " dbe, dbe,
db;e; db;e; db;e;
== dalel X

e it S
db161 - db161 + aZeZ % db161 " db161 + a3€3 % db181 " db181
_da,e; Xxdbye;  daze; X dbie, N daze; X db;e;
B db? db? db? B

_da,db N azdb  as da,

~Tapz BT a2 T % " ap "
Teopema 8. Imeer mecto popmyna

1 da3 da3 a, a,
da X = - e, + ( — )e
d(b,e, + bye,) 2db2 2db1 db, db,

Jlokazamenbcmeo:
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d ! d( + + ) 1
a x =d(a,e, + a,e, + aze;) X =
d(b,e, + b,e;) i 22 37377 d(b,ey + bye,)

= (dalel + dazez + da3e3) X

db.e, + dbye,
1

— dae. % 1 b2€2 . toen db; e,

~ N X b e, + dbye, dbye, « “%2%2" Gbe, + dbye, dbie,
+d o 1 1 (alb1e1 db2e2> _
433X Gbe, + dbye, 2\db.e, ' dbye,)

— da,e, X dbze; + daye, X db.ey +

= N X UbLe, + dbyey)dbye, T 22" (dbLe, + dbye,)db.e,

b,e; db,e,
+da3e3 + da3e3 =

X X
2(db,e; + db,e,)db e, 2(db,e; + db,e,)db,e,
_da,e; X dbye, N da,e, X db;e; N dases; X db,eq N dase; X db,e,
- db2 db? db? db?
_da,db, da,db, dazdb, dasdb,
T Tapz 7 Tap? 7T 2dp? 2T 2ap2 1T
_ dag N das N (da1 daz)
= T 2ab, %t " 2ab, %2 " \ap,  db,) & ™
IIpumep 2. Touka coBepIIaeT BpalaTeIbHOE JBIKEHUE C YTIIOBOH CKOPOCTHIO

w = ke
1 TaHI'CHIHUAJIbHBIM YCKOPCHHUEM
o et? et?
ar = —ia-sin—- + ja- cos —-,
riae ke — yriioBoe yckopeHue.
B cootBercTBHH C (3)
1 dagy, dag, ) o et? et?
da, x% = d—oozl - doozj = —lat-sm7+1at $C0s—- = v,
T.€. pe3yJbTaT SIBISACTCS JTMHEHHON CKOPOCTHIO TOYKH.
IIpumep 3. CkopocTh TOUKH paBHA
v = —iwRsinwt + joRcoswt + kw?Rt,
YCKOpEHHE —
a = —iw?Rcoswt — jw?Rsinwt + kw?R.
B cootBercTBUU C (2)
1 1 Iday . day . <dax day> _oo ROu
da X — == i— + - k| =—i-coswt — j=sinot — kw = —w".
dv 2|dv, dv, dv, dvy 2 2
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INFORMATION ABOUT THE PAPER IN ENGLISH

SCALAR AND VECTOR DERIVATIVES OF VECTOR FIELDS AND THEIR APPLICATION
TO PROBLEMS OF MECHANICS
Popov I.P.
Abstract. The work is devoted to the operations of differentiation in the space of vector fields and smooth functions. In
mechanics, it is widely used derivative of a scalar function of the vector. To some extent, like it is determined by the
derivative of the vector to another vector. However, formally interpreting the derivative as division differentials are
entered in consideration of scalar and vector derived vector on another vector, which may have application to the solu-
tion of problems of mechanics. The definition of a derivative of a scalar vector field on another vector field. We prove a
theorem on the representation of the scalar derivative in the form of a combination of partial derivatives. As a typical
particular case is considered a scalar derivative in the radius vector, generating formalism linking it with the operator
nabla. It is noted that in solving some problems in the mechanics to simplify the calculation coordinate system is chosen
so that at least some vectors direction coincides with one of the coordinate axes. If it concerns the vector for derivation
to be performed, in such cases, the formula for the three-dimensional case can not be used because some of this vector
differentials are equal to zero. This circumstance makes it necessary to prove two theorems for the two-dimensional and
one-dimensional case. The definition of a vector derivative of a vector field on another vector field. We prove a theorem
on the representation of the derivative vector as a combination of partial derivatives. As a typical particular case consid-
ered vector derivative of the radius vector, generating formalism linking it with the operator nabla. We prove similar
theorems for two-dimensional and one-dimensional case. We give examples of applications of these results to problems
of mechanics.
Keywords: Vector field, the scalar derivative, derivative vector, pointing vector, acceleration, speed.
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